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a b s t r a c t
Let G = (V , E) be a simple graph with vertex degrees d1, d2, . . . , dn. The Randić index
R(G) is equal to the sum over all edges (i, j) ∈ E of weights 1/√didj. We prove several
conjectures, obtained by the system AutoGraphiX, relating R(G) and the chromatic number
χ(G). The main result is χ(G) ≤ 2R(G). To prove it, we also show that if v ∈ V is a vertex
of minimum degree δ of G, G− v the graph obtained from G by deleting v and all incident
edges, and∆ the maximum degree of G, then R(G)− R(G− v) ≥ 12
√
δ/∆.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple graph with n = |V | vertices and m = |E| edges. For undefined terms we refer to [5]. Let
d1, d2, . . . , dn denote the degrees of the vertices of G. We use NG(v) to denote the neighborhood of vertex v ∈ V , i.e., the set
of vertices adjacent to v, and N2G(v) to denote the set of vertices at distance 2 of v ∈ V . The Randić index [10,9] R(G) of G is
defined by
R(G) =
∑
ij∈E
1√
di · dj
,
and is much used in mathematical chemistry.
Recall that the chromatic number χ(G) of G is the smallest number of colors needed to color all vertices of G in such a
way that no pair of adjacent vertices gets the same color. As part of a larger study [1,3], the AutographiX2 (AGX2) [2,4,7,8]
system was used to find conjectures on R and χ for a simple connected graph with n ≥ 3, of the following form:
b(n) ≤ R⊕ χ ≤ b(n)
where ⊕ denotes +,=, / or ·, and b(n) and b(n) are lower and upper bounding functions which are requested to be tight
for all values of n (except possibly some small ones, due to border effects). It is also requested to specify one or preferably all
families of graphs for which the bounds are tight. The eight bounds obtained are presented in Table 1 (where, as usual, Kn
∗ Corresponding author.
E-mail addresses: pierre.hansen@gerad.ca (P. Hansen), vukicevi@pmfst.hr (D. Vukicević).
0012-365X/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2008.12.022
P. Hansen, D. Vukicević / Discrete Mathematics 309 (2009) 4228–4234 4229
Table 1
AGX conjectures on the Randić index and the chromatic number.
# Extremal graphs LB UB Extremal graphs #
641L Kn − n2 ≤ R− χ ≤
√
b n2 cd n2 e − 2 Regular bipartite 641U
642L Sn 2+
√
n− 1 ≤ R+ χ ≤ 3n2 Kn 642U
643L Kn 12 ≤ Rχ ≤ 12
√
b n2 cd n2 e Regular bipartite 643U
644L Sn 2
√
n− 1 ≤ Rχ ≤ n22 Kn 644U
and Sn denote the complete graph and the star on n vertices). Four of these results are immediate and proved automatically
by AGX: 642L, 642U, 644L and 644U follow from the facts that the relevant families of extremal graphs for both invariants
have a non-empty intersection. It is the purpose of this paper to prove the four remaining conjectures. Some preliminary
results will be needed. Therefore, in Section 2 we study the effect of removal of a minimum degree vertex on the Randić
index. This leads to a lower bound on the decrease in value of R which may be of interest in its own right. In Section 3, we
prove the main result of this paper, i.e., χ(G) ≤ 2R(G) which immediately entails the proof of another conjecture. The two
remaining conjectures are proved easily in Section 4, after a preliminary result, i.e., an upper bound on the Randić index of
bipartite graphs, has been obtained.
So for the pair of indices R(G) and χ(G) the eight conjectures made by AGX turned out to be true, and range from the
immediate to the fairly difficult.
2. Removal of a minimum degree vertex
The impact on the Randić index of a simple graph G of removal of a pending vertex of G has been studied in [6,9]. In this
section we examine the same for removal of a minimum degree vertex.
Theorem 1. Let G be a simple graph with Randić index R, minimum degree δ and maximum degree∆. Let v be a vertex of G with
degree equal to δ. Then
R(G)− R(G− v) ≥ 1
2
√
δ
∆
. (1)
Proof. IfGhas isolated vertices δ = 0, the right hand side of (1) is also 0 and the removal of such vertices leaves R unchanged.
So we may assume δ ≥ 1. We next prove two lemmas. 
Lemma 1. Let δ ≤ di, dj and di, dj ≥ 2. Then
1
2 (di − 1) · √δ · di +
1
2
(
dj − 1
) ·√δ · dj −
 1√
(di − 1) ·
(
dj − 1
) − 1√d1 · dj
 ≥ 0.
Proof. Observe that
0 ≤ 1
4
(
di − dj
)2 = d2i
4
− didj
2
+ d
2
j
4
=
(
didj − di2 −
dj
2
)2
− di · (di − 1) · dj ·
(
dj − 1
)
,
which implies that(
didj − di2 −
dj
2
)2
≥ di · (di − 1) · dj ·
(
dj − 1
)
,
didj − di2 −
dj
2
≥
√
di · (di − 1) · dj ·
(
dj − 1
)
,
di
2
+ dj
2
− 1 ≥
√
di · (di − 1) · dj ·
(
dj − 1
)− didj + di + dj − 1
and
1
2
(di − 1)+ 12
(
dj − 1
) ≥ √di · (di − 1) · dj · (dj − 1)− (di − 1) · (dj − 1) .
4230 P. Hansen, D. Vukicević / Discrete Mathematics 309 (2009) 4228–4234
Dividing the last expression by (di − 1) ·
(
dj − 1
) · √di ·√dj, one gets
1
2
(
dj − 1
) ·√di · dj + 12 (di − 1) ·√di · dj ≥ 1√(di − 1) · (dj − 1) −
1√
di · dj
.
Since δ ≤ di, dj, this implies that
1
2
(
dj − 1
) ·√δ · dj + 12 (di − 1) · √di · δ ≥ 1√(di − 1) · (dj − 1) −
1√
di · dj
which proves Lemma 1. 
Lemma 2. Let δ ≤ di, dp and di ≥ 2. Then
1
2 (di − 1)√δ · di −
(
1√
(di − 1) · dp
− 1√
di · dp
)
≥ 0.
Proof. Observe that 2
√
di − 1 ≤ √di +√di − 1, hence
1
2
√
di − 1 ≥
1√
di +√di − 1
and
1
2
√
di − 1 ≥
√
di −
√
di − 1.
Dividing the last expression by
√
di · √di − 1, one gets
1
2 (di − 1)√di ≥
1√
di − 1 −
1√
di
.
Since δ ≤ dp, it follows that
1
2 (di − 1)√δ · di ≥
1√
(di − 1) · dp
− 1√
di · dp
,
which proves Lemma 2. 
Now, let us proceed to the proof of Theorem 1.
Removal of a vertex v with dG(v) = δ and of all edges incident with v, entails reduction by 1 of both end-degrees of all
edges (i, j) ∈ E(G)both vertices ofwhich are adjacent to v, and reduction by 1 of the first end-degree of all edges (i, p) ∈ E(G)
for which the first vertex is adjacent to v and the second one is at distance 2 from v. So, setting di = dG(i) for i = 1, 2, . . . ,N
and assuming, without loss of generality, that NG(v) = (1, 2, 3, . . . , δ),
Ra(G)− R(G− v) =
∑
pq∈E(G)
1√
dG(p) · dG(q) −
∑
pq∈E(G−v)
1√
dG−v(p) · dG−v(q)
=
∑
i∈NG(v)
1√
δ · di +
∑
ij∈E(G)|i,j∈NG(v)
(
1√
di · dj
− 1√
(di − 1) · (dj − 1)
)
+
∑
ip∈E(G)|i∈NG(v),p∈N2G(v)
(
1√
di · dp
− 1√
(di − 1)dp
)
. (2)
Note that∑
i∈NG(v)
1√
δ · di =
δ∑
i=1
1
2
√
δ · di +
δ∑
i=1
( ∑
p∈NG(vi)\{v}
1
2(di − 1)√δ · di
)
=
δ∑
i=1
1
2
√
δ · di +
δ∑
i=1
∑
p∈N2G(v)∩NG(vi)
1
2(di − 1)√δ · di
+
∑
ij∈E(G)|i,j∈NG(v)
(
1
2(di − 1)√δ · di +
1
2(dj − 1)
√
δ · dj
)
.
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Substituting, one can rewrite (2) as
δ∑
i=1
1
2
√
δ · di +
δ∑
i=1
∑
p∈N2G(v)∩NG(vi)
(
1
2(di − 1)√δ · di −
(
1√
(di − 1) · dp
− 1√
di · dp
))
+
∑
ij∈E(G)|i,j∈NG(v)
(
1
2(di − 1)√δ · di +
1
2(dj − 1)
√
δ · dj
−
(
1√
(di − 1) · (dj − 1)
− 1√
di · dj
))
. (3)
From Lemma 1, every summand in the 3rd sum of (3) is non-negative and from Lemma 2 every summand in the 2nd sum
of (3) is also non-negative. Hence,
R(G)− R(G− v) ≥
δ∑
i=1
1
2
√
δ · di ≥
δ∑
i=1
1
2
√
δ∆
= δ
2
√
δ ·∆ =
1
2
√
δ/∆. 
Corollary 1. Let G be a non-trivial regular graph with Randić index R. Then for any vertex v
R(G)− R(G− v) ≥ 1
2
with equality if and only if G is complete.
Proof. As for any regular graph δ = ∆, the lower bound follows. If G = Kn then G − v = Kn−1 and the bound is tight. If
G 6= Kn,G− v is not regular and R(G− v) < n−12 . 
3. An upper bound for the chromatic number
Theorem 2 (Conjecture 643L). Let G be a simple graph with chromatic number χ(G) and Randić index R(G) then
χ(G) ≤ 2R(G)
and equality holds if G is a complete graph, possibly with some additional isolated vertices.
Proof. Suppose to the contrary that there is a simple graph that contradicts the assumption of the theorem. Among all such
graphs, let G be chosen in such a way that:
(1) There is no simple graph G′ such that R(G′) < χ(G
′)
2 and χ(G
′) < χ(G).
(2) There is no proper subgraph G′′ of G such that R(G′′) < χ(G
′′)
2 .
If χ(G) = 1, the contradiction can be trivially obtained, hence assume that χ(G) ≥ 2. Let us first prove a lemma. 
Lemma 3. δ(G) ≥ χ(G)− 1.
Proof. Suppose to the contrary that δ(G) < χ(G) − 1. Let v be a vertex such that dv = δ. Note that χ(G − v) < χ(G),
because otherwise, using Theorem 1, R(G− v) < R(G) ≤ χ(G)2 = χ(G−v)2 which contradicts the minimality of G.
Hence all vertices of G − v can be regularly colored with χ(G) − 1 colors. Since, dv < χ(G) − 1, it follows that v is not
adjacent to any vertex of one of these χ(G)− 1 colors, but then v can be colored with that color. This implies that G can be
regularly colored with χ(G)− 1 colors, which is a contradiction.
Let us proceed with the proof of Theorem 2. We distinguish three cases:
Case 1: χ(G) = 2.
Observe that R(G) = ∑pq∈E(G) 1√dp·dq < χ(G)2 = 1 = ∑pq∈E(G) 1√m·m , which implies that all degrees are greater than or
equal to the number of edges of G, not all being equal, a contradiction.
Case 2: χ(G) = 3.
Let pq be an edge which has the smallest weight of 1√
di·dj
for ij ∈ E. It follows that
3
2
> R(G) ≥ m · 1√
dp · dq
≥ dp + dq − 1√
dp · dq
= 2 ·
dp+dq
2 − 1√
dp · dq
≥ 2 ·
√
dp · dq − 1√
dp · dq
= 2− 1√
dp · dq
. (4)
Hence 1√
dp·dq >
1
2 and from Eq. (4),m < 3 which contradicts χ(G) = 3.
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Case 3: χ(G) ≥ 4.
Again let pq be an edge which has the smallest weight. Observe graph G − p − q and let d′i = dG−p−q(i) for i ∈
(1, 2, . . . , n) \ (p, q). From the minimality of G, it follows that
R (G− p− q) ≥ χ (G− p− q)
2
≥ χ(G)− 2
2
. (5)
We have:
R(G) =
∑
uv∈E(G)
1√
du · dv ≥
dp + dq − 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
du · dv
= 2 ·
dp+dq
2 − 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
d′u · d′v
·
√
d′u√
du
·
√
d′v√
dv
≥ 2 ·
√
dp · dq − 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
d′u · d′v
·
√
du − 2
du
·
√
dv − 2
dv
= 2− 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
d′u · d′v
·
√
1− 2
du
·
√
1− 2
dv
≥ 2− 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
d′u · d′v
·
√
1− 2
δ
·
√
1− 2
δ
.
Using Lemma 3, one gets:
R(G) ≥ 2− 1√
dp · dq
+
∑
uv∈E(G−p−q)
1√
d′u · d′v
·
√
1− 2
χ(G)− 1 ·
√
1− 2
χ(G)− 1
= 2− 1√
dp · dq
+
(
1− 2
χ(G)− 1
) ∑
uv∈E(G−p−q)
1√
d′u · d′v
= 2− 1√
dp · dq
+
(
χ(G)− 3
χ(G)− 1
)
· R (G− p− q)
and from relation (5)
≥ 2− 1√
dp · dq
+
(
χ(G)− 3
χ(G)− 1
)
· χ(G)− 2
2
= − 1√
dp · dq
+ χ
2(G)− χ(G)+ 2
2χ(G)− 2
= χ(G)
2
− 1√
dp · dq
+ 2
χ(G)− 2 .
Since χ(G)2 ≥ R(G), it follows that
χ(G)
2
≥ χ(G)
2
− 1√
dp · dq
+ 1
χ(G)− 1
1√
dp · dq
≥ 1
χ(G)− 1 .
Now, we have:
χ(G)
2
≥ R(G) ≥ m · 1√
dp · dq
≥ m · 1
χ(G)− 1 .
It follows that m ≤ χ(G)·(χ(G)−1)2 . Note that each class has to contain at least one vertex of degree χ(G) − 1. Hence
m ≥ χ(G)·(χ(G)−1)2 . Thereforem = χ(G)·(χ(G)−1)2 and G contains Kχ(G) and possibly some isolated vertices. 
From here, it directly follows that:
Corollary 2 (Conjecture 641L). For all simple graphs G, we have R(G)− χ(G) ≥ − n2 and equality holds only for Kn.
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Proof. We have: χ(G) − R(G) ≤ χ(G) − χ(G)2 = χ(G)2 ≤ n2 , hence indeed R(G) − χ(G) ≥ − n2 . The equality holds only if
χ(G) = n, i.e., when G is complete. 
Letω(G) denote the clique number of G, i.e., the cardinality of a largest induced complete subgraph of G. It is well known
thatω(G) ≤ χ(G). Two other conjectures of AGX relatingω(G) andR(G) follow immediately fromTheorem2 andCorollary 2.
Corollary 3 (Conjecture 639L). For all simple graphs G, we have R(G) ≥ ω(G)2 . Suppose that G has no isolated vertices, then
equality holds only if G is a complete graph.
Corollary 4 (Conjecture 637L). For all simple graphs G, we have R(G)− ω(G) ≥ − n2 and equality holds only for Kn.
4. The Randić index of bipartite graphs
To prove the two last conjectures on R and χ , we again need a preliminary result.
Proposition 1. Let G be a bipartite graph with vertex classes A and B, then R (G) ≤ √|A| · |B| and equality is obtained for the
complete bipartite graph.
Proof. As isolated vertices do not contribute to R, we may assume that G has none. Denote by xij the number of edges that
have an end-vertex of degree i in A and an end-vertex of degree j in B. Obviously, the number of vertices of degree i in A is∑
1≤j≤n−1
1
i · xij. Hence,
|A| =
∑
1≤i≤n−1
∑
1≤j≤n−1
1
i
· xij.
Analogously, it can be shown that
|B| =
∑
1≤i≤n−1
∑
1≤j≤n−1
1
j
· xij.
Denote by vA the vector with (n− 1)2 entries
vA =
(
1√
i
· √xij : 1 ≤ i, j ≤ n− 1
)
.
Similarly, denote
vB =
(
1√
j
· √xij : 1 ≤ i, j ≤ n− 1
)
.
Obviously, |vA|2 = |A| and |vB|2 = |B|. Moreover,√|A| · |B| = |vA| · |vB| ≥ (va|vb) = ∑
1≤i≤n−1
1≤j≤n−1
1√
i · j · xij = R (G) .
which proves the proposition. 
From here it easily follows that:
Corollary 5. Let G be a bipartite graph with n vertices. Then R (G) ≤
√⌊ n
2
⌋ · ⌈ n2⌉ and equality is obtained for the complete
balanced bipartite graph.
Proof. From Proposition 1, it follows that R (G) ≤ √(n− |A|) · |A|, where A is one of the classes of the bipartition. Observing
the first derivative, it can be easily seen that the function f (x) = x · (n− x) is increasing from 0 to n/2 and decreasing from
n/2 to n. Hence, it attains its integer maximum at
⌊ n
2
⌋
or at
⌈ n
2
⌉
. In both cases the corresponding value is
⌊ n
2
⌋ · ⌈ n2⌉. 
Now, we can prove:
Corollary 6 (Conjecture 641U). Let n ≥ 2. Then, R−χ ≤
√⌊ n
2
⌋ · ⌈ n2⌉−2. The bound is best possible as shown by the balanced
complete bipartite graph.
Proof. If χ = 1, the claim is obvious. If χ = 2, the claim follows from Corollary 5. Suppose that χ ≥ 3. It is well known that
R ≤ n2 . Hence, it is sufficient to prove that: n2 − 3 ≤
√⌊ n
2
⌋ · ⌈ n2⌉− 2. If n is even, the claim is obvious and if n is odd, it can
be reduced to n−√n2 − 1 ≤ 2 which holds for all n ≥ 2 as√n2 − 1 > n− 1. 
Corollary 7 (Conjecture 643U). R
χ
≤ 12 ·
√⌊ n
2
⌋ · ⌈ n2⌉. The bound is best possible as shown by the balanced complete bipartite
graph.
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Proof. If χ = 1, the claim is obvious. If χ = 2, the claim follows from Corollary 5. Suppose that χ ≥ 3. As R ≤ n2 , it
is sufficient to prove that: 13 · n2 ≤ 12
√⌊ n
2
⌋ · ⌈ n2⌉. If n is even, the claim is obvious and if n is odd, it can be reduced to
2n ≤ 3√n2 − 1 which, using again√n2 − 1 > n− 1, holds for all graphs with n ≥ χ ≥ 3. 
Remark. An anonymous referee asked if there is a version of Proposition 1 and its corollaries for multipartite graphs. To the
best of our knowledge, the answer is: not yet.
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